Canonical surfaces with geometric genus four are studied assuming that the image of the canonical map is a normal surface in projective 3-space. It is shown that the degree of the image does not exceed 11 − q. Furthermore, normal canonical sextics surfaces are explicitly constructed, extending a former example due to Zariski.
Introduction
Let S be a non-singular, projective, minimal surface of general type defined over the complex number field C. We call it a canonical surface if the rational map associated to the canonical linear system |K S | is a birational map of S onto the image Σ. If S is a canonical surface, then we have K 2 S ≥ deg Σ ≥ 3p g (S) − 7 by a result of Horikawa [10] . Canonical surfaces with K 2 = 3p g − 7 were originally studied by Castelnuovo in his pioneering paper [5] (see, e.g., [1] for a modern treatment). It is known to experts (and can be shown similarly as in [14, §2] ) that deg Σ = 3p g − 7 holds if and only if K 2 S = 3p g − 7 and, then, Σ is a normal surface with at most rational double points and the irregularity q(S) = 0. However, for canonical surfaces on the next line K 2 = 3p g − 6,
Σ is a non-normal surface unless 5 ≤ p g ≤ 11 and the quadric hull of Σ is a threefold of degree p g − 2 (see, [13] , and [11] for p g = 4).
In this paper, we study those canonical surfaces with p g = 4 whose canonical image Σ is a normal surface in P 3 . Put d = deg Σ. Then we have d ≥ 5 and, as is already noticed, Σ is a normal surface with at most rational double points when d = 5. There are a lot of constructions known so far for canonical surfaces with p g = 4 (e.g., [8] , [4] , [7] and [6] ).
As far as we know, however, there are no examples with normal Σ of degree d > 5, except an implicit example obtained as a cyclic 6-ple plane branched along a sextic curve with 6 cusps due to Zariski ([25] , [26, Chap. 8] ) which appeared in another context and was possibly unrecognized as a normal canonical sextic. His chief concern was the irregularity q of the non-singular model, and it is shown that we have either q = 1 or q = 0 according to whether the 6 cusps are on a conic or not. The normal canonical sextics are given by the latter, those of less interest there. In any way, therefore, it is not a useless problem to ask whether normal canonical surfaces with p g = 4 actually exist or not for large d. As a partial answer, in §2, we shall give a rough upper bound on the degree: d ≤ 11 − q, where q is known to satisfy q ≤ 3.
The other problems are to know which kind of singular points are allowed on Σ and whether they are in some special position or not. When d = 6, we can show that the (essential) singular points of Σ are on a plane section and they are elliptic singularities when K 2 is big enough. Such concrete information gives us the inequality 9 ≤ K 2 ≤ 18−q as well as a hope to have some examples. In §3 and §4, we give explicit examples of normal canonical sextic surfaces, covering the range 12 ≤ K 2 ≤ 18 when q = 0, and K 2 = 18 − q when q > 0 (and K 2 = 16, q = 1). Though our construction, using cyclic 6-ple planes, is much similar to Zariski's as a result, one may see that we are quite naturally led to it after investigating necessary conditions to be satisfied by the surfaces in question. In fact, we came to recognize that Zariski's cyclic 6-ple plane was the first normal canonical sextic, after finishing our examples. Unfortunately, we still have no examples for d ≥ 7. We have a naive feeling that they do not exist.
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Preliminaries
By a curve, we mean an effective non-zero divisor on a smooth surface. Let D be a curve. We call
Every 1-connected curve is chain-connected. But the converse does not hold true in general. Every curve decomposes into a sum of chain-connected curves satisfying certain nice relations. See [15] for details.
Throughout the paper, S denotes a non-singular projective minimal surface of general type defined over the complex number field C.
Base locus.
The following is well-known and we will tacitly use it in the paper. Proof. It is straight forward from Beauville's inequality [2] which says p g ≥ 2q − 4 holds with equality only if the surface has a pencil of curves of genus 2. Note that a canonical surface cannot have a pencil of hyperelliptic curves.
Assume that p g (S) > 0 and, let |K S | = |L 0 | + Θ 0 be the decomposition into the variable part |L 0 | and the fixed part Θ 0 . Lemma 1.1 implies that we have
We denote by σ :S → S a minimal succession of blowing-ups which eliminates the base points of |L 0 |. Let |σ * K S | = |L| + Θ be the decomposition into the variable part |L| and the fixed part Θ. There is an exceptional divisor E for σ such that KS ∼ σ * K S + E, where the symbol ∼ means the linear equivalence of divisors. To be more precise, let {m i } be the sequence of respective multiplicities of the base points of
where E i is the total transform on S of the exceptional (−1)-curve appearing by the i-th blowing-up. Then E 2 i = −1 for any i and E i E j = 0 holds when i ̸ = j. We assume that the canonical image Σ = Φ L (S) is a surface. If C denotes a general member of |L|, then it can be assumed to be irreducible and non-singular by Bertini's theorem, and its canonical bundle is induced from 2L + Θ + E by the adjunction formula. Hence the genus of C is given by
by Hodge's index theorem. For example, when δ = 3, one has the following possibilities as is easily shown.
•
• If L 0 Θ 0 = 2, then σ is the composite of two blowing-ups,
Normal surface singularities.
Let (V, o) be a germ of a normal surface singularity and π : U → V the minimal resolution.
The fundamental cycle Z is the smallest curve with support in π
The arithmetic genus of Z is called the fundamental genus and we denote it by 
It follows that −Γ
with equality holding only when
is an elliptic hypersurface singularity, then there exists a positive integer γ which divides m − 1 and
[Note that C β in [18] is Γ 1 + · · · + Γ γ , and so
Proof. By the property
because the intersection form on π −1 (o) is negative definite. This gives us Koyama's inequality that
with equality sign holding if and only if Z K = 2D, where D is the unique curve satisfying
we have p a (V, o) = 2 and the equality sign holds in Koyama's inequality (1.3). Therefore, we have Z K = 2Z, where Z is the fundamental cycle, since p f (V, o) = 2 and a half of Z K is the unique curve computing p a (V, o) = 2. Now, it follows from [15, Theorem 4 
2 Normal canonical surfaces in the projective 3-space.
From now on, S denotes a canonical surface with p g = 4 and assume that its canonical image Σ is a normal surface of degree d in P 3 . We call such S (or Σ) a normal canonical surface by abuse of notation. A singular point on Σ is called essential if it is not a rational double point. Let us use the notation in §1 freely. Since Σ has only isolated singular points, a general member C ∈ |L| can be identified with a hyperplane section of Σ. Therefore,
and the formula g(C) = d + δ + 1 in the previous section, we get
If, as before,S denotes the minimal resolution of Σ, then we have the well-known relation among dualizing sheaves:
where Z K denotes the sum of all canonical cycles onS over Sing(Σ).
in the notation of §1.1. (
Proof. Since p g = 4, we have q ≤ 3 by Lemma 1.2. When d = 5, we have δ = 0 by (2.1), implying that Θ 0 = 0 and σ is the identity map; Σ has at most rational double points and we automatically have K
On the other hand, by the Miyaoka-Yau inequality, we have K
Remark 2.2. As the above proof shows, d can be larger when |K S | has no fixed components. On the other extreme, if the variable part of |K S | has no base points, the same argument shows
If p g (Σ, p) denotes the geometric genus of a singular point p ∈ Σ, then we have
Therefore, we get a restriction from the calmness of singular points. 
Remark 2.4. One may learn from (2.2) that the canonical cycle should not be too much bigger than the maximal ideal cycle. On the other hand, the maximal ideal cycle seems usually "small"; in fact, it often coincides with the fundamental cycle. Therefore, singular points allowed on Σ may be calm enough. 
Proof.
We have LΓ i = 0 for any i, because Γ i is contracted to a singular point on Σ. Since Z K is a sum of canonical cycles of elliptic singularities, we have Γ i Γ j = 0 if i ̸ = j, and
We first exclude the case that there is a (−1) curve E 0 with LE 0 = 2. If this is the case, then
, which is impossible. Now, we have a (−1)-curve E 0 satisfying LE 0 = 1 and Proof. We assume that K 2 S ≥ 17 when q = 0, 1, and K 2 S ≥ 16 when q = 2, 3. We shall show that this eventually leads us to a contradiction. By the previous lemma, we see that Σ has more than elliptic singularities. Then, by (1.3), we have (K We shall derive a contradiction by showing m ≤ 4. Recall that Γ 1 is the fundamental cycle. By [16, Theorem 4.7] , there is a subcurve ∆ of Z K such that ∆ is numerically trivial on Z K − ∆ and satisfies either
we get
This implies that Z K − ∆ has at most two chain-connected components and, hence, m ≤ 4. Therefore, in both cases, we cannot get p g (Σ, p) ≥ 8.
Proof. When δ = 3, we have four possible cases listed in §1.1 for the fixed part of the canonical linear system. Then, one can easily check that K 2 S ≥ 9, and that, in order to show K 2 S ≤ 18 − q, it suffices to consider the case that σ = id, L 0 Θ 0 = 6 and K 2 S = 18 + Θ 2 0 , by Lemmas 2.5, 2.6. We assume that this is the case. Note that we have
, it follows from (1.3) that the essential singular points of Σ are either several elliptic singular points, or one singular point of arithmetic genus 2 plus elliptic singular points. If Σ has more than elliptic singularities, then −Z 
The last equality shows that the singular points of Σ are at most maximally elliptic singular points in the sense of [24] ; in the generic case, Σ would have 6 + q distinct (−1)-elliptic singular points.
3 Regular normal canonical sextics.
In this and the next sections, we shall construct normal canonical sextic surfaces explicitly.
Method.
Recall that we have Θ + E + Z K ∈ |L| by (2.2). So, all the essential singular points of Σ (as well as the image of Θ + E) are on a unique plane
any quadric surface in P 3 through all the essential singular points of Σ has to be reducible, having H 0 as a component. So, the essential singular points, viewed in H 0 ≃ P 2 , cannot lie on a single conic curve.
The above observation suggests us a strategy to construct examples as follows. We look for plane sextic curves C 6 = {f 6 (X 0 , X 1 , X 2 ) = 0} with 6 + q particular singular points, not all are on a conic, and some extra nodes. The singular points allowed here are ordinary cusps (e.g, x 2 = y 3 ) or tacnodes (e.g., x 2 = y 4 ). Then, we construct Σ as the cyclic 6-ple covering of P 2 branched along C 6 defined by X
It has 6 + q singular points defined respectively by
These are elliptic singularities satisfying Z = Z m = Z K on the minimal resolution and Z 2 = −1, −2, respectively. They all lie on the plane H 0 = {X 3 = 0} and it induces their maximal ideal cycles on the minimal resolution S of Σ. (A node on C 6 , if any, is negligible in the sense that it does not contribute to Z K , because it only produces on Σ a rational double point of type A 5 .) Then, L − Z K is an effective divisor, where L denotes the pull-back of H 0 to S, since the maximal ideal cycle coincides with the canonical cycle for such elliptic singular points. Furthermore, since not all the 6 + q singular points of the branch curve are on a conic, we have |2L − Z K | = |L| + L − Z K . Therefore, we obtain a desired example in this way, and the resulting surface S is a normal canonical sextic surface with p g (S) = 4, K 2 S = 18 − q − t, q(S) = q, where t denotes the number of tacnodes.
Remark 3.1. (1) The reasoning given above is based on the theory of normal surface singularities. However, one can also justify it by using the method in [20] of canonical adjoints.
(2) Our construction gives surfaces whose canonical linear system has the fixed part but without isolated base points, as in the last alternative for δ = 3 in §1.1. Hence, we will not have examples with K 2 < 12.
(3) Since the double covering of P 2 branched along a sextic yields a K3 surface, there are a lot of studies on sextic curves (cf. [23] ). It sometimes gives us a useful information, e.g., since a cusp (resp. tacnode) produces an A 2 (resp. A 3 ) configuration of (−2)-curves on the K3 surface, we get 2c + 3t ≤ 19, where c and t denote the number of cusps and tacnodes, respectively. However, what is the most important for us is to see that 6 + q singular points are not on a conic, which is usually a negligible point when one considers K3 surfaces only.
Following the idea described above, we construct regular ones in this section. Namely, we show the following: First of all, we introduce a family of plane sextic curves whose generic member has 6 ordinary cusps not all are on a conic, and no other singularities:
where a is a complex parameter varying over C \ {0}. The curves {f 6 (x, y) = 0} are symmetric with respect to the x-axis: y = 0. Furthermore, the generic element is irreducible. We call this the basic family and use it in the sequel.
K
Assume that a 2 ̸ = 4 in the basic family. The 6 ordinary cusps of {f 6 (x, y) = 0} are independent on a and given by Remark 3.3. Historically, cyclic 6-ple coverings of P 2 branched along a sextic curve with 6 cusps were first considered by Zariski ([25] and [26, Chap. 8] ), but in a completely different context. He showed that the irregularity of the cyclic 6-ple plane is positive (in fact it is one) if and only if the 6 cusps are on a conic. Therefore, the fundamental group of the complement of a sextic curve with 6 cusps changes its feature drastically, according to whether the cusps are on a conic or not. A pair of two plane curves whose complements have different topological types is now called a Zariski pair.
An irreducible sextic curve with 5 ordinary cusps, one tacnode and no other singularities, such that the 6 singularities are not on a conic is given by
The curve is symmetric with respect to the x-axis. Remark 3.4. A reducible sextic curve C 6 with 5 ordinary cusps and a tacnode, plus three nodes is given by C 5 + C 1 , where C 5 is a quintic curve with 5 ordinary cusps and C 1 is the tangent line to C 5 at a point P . The point P can be arbitrary as long as it is not one of the cusps. The 6 singularities of C 6 are not on a conic: in fact a conic passing through the cusps intersects C 5 only at the cusps. The three nodes are C 5 ∩ C 1 disregard to the point of contact; they produce on the surface Σ negligible singularities. For a quintic curve with 5 cusps, see e.g., [9] .
An irreducible sextic curve with 4 ordinary cusps, 2 tacnodes and no other singularities, such that the 6 singularities are not on a conic can be found in the basic family, putting either a = 2 or a = −2. One immediately sees, then, that two of the six cusps in §3. • if a = −2 then the tacnodes are at (1, 1), (1, −1) . Remark 3.5. A reducible sextic curve with 4 ordinary cusps, 2 tacnodes and an extra node is given by C 5 + C 1 , where C 5 is a quintic curve with 4 ordinary cusps and C 1 a bitangent line to C 5 . The curve C 5 has 6 bitangent lines, but we have not checked whether it is possible to choose any one of them as C 1 in order that the 6 singularities, 4 cusps and 2 tacnodes, are not on a conic.
A reducible sextic curve with 3 ordinary cusps, 3 tacnodes and 3 extra nodes is given by C 4 + C 1 + D 1 , where C 4 is a quartic curve with 3 ordinary cusps, C 1 is a bitangent line to C 4 and D 1 is a tangent line to C 4 . The 3 cusps and 3 tacnodes are not on a conic, since, otherwise, the conic would intersect C 4 in at least 9 points (counting multiplicities).
A sample equation of C 4 is A reducible sextic curve with 2 ordinary cusps and 4 tacnodes is given by D 4 + D 2 , where D 4 is a quartic curve with 2 ordinary cusps and D 2 is a conic which is tangent at 4 points to D 4 . We note that the quartic curve must be irreducible, because of the two cusps, and that the conic D 2 is irreducible, too, because D 4 has only one bitangent line.
Sample affine equations of such two curves are respectively given by
The 2 cusps are at (1 : 1 : 0), (1 : −1 : 0) and the 4 tacnodes are at (0, 1), (0, −1), (−1, 0) and (2, 0). It is clear that the 6 points are not on a conic.
Remark 3.6. We note that another reducible sextic curve with 2 ordinary cusps and 4 tacnodes is given by C 3 + D 3 , where C 3 and D 3 are cubic curves, each of them has an ordinary cusp and they are tangent to each other at 4 distinct points. The sextic curve C 3 + D 3 has a supplementary node.
3.7 K 2 = 13, q = 0.
Let us consider a sextic curve with one ordinary cusp and 5 tacnodes. Such a curve cannot be irreducible, since, otherwise, the genus of its desingularization would be −1. A reducible sextic curve with such and such singular points is given by E 4 + E 2 , where E 4 is a quartic curve with one ordinary cusp and a tacnode, and D 2 is a conic which is tangent at 4 points to E 4 . Whereas the quartic curve must be irreducible, the conic E 2 can be reducible. In fact, E 4 has two bitangent lines and the sum of these two can be chosen as E 2 .
The following equation defines a quartic E 4 with one ordinary cusp and one tacnode: the cusp is at (0, 0) and the tacnode is at (0 : 1 : 0).
An irreducible conic which is tangent to E 4 at 4 points is given by
The 4 contact points are (1, ±1), (−1, ± √ −1). It is easy to see that the 6 singular points are not on a conic.
The "Campedelli's Occhio" given by
has six tacnodes at (±2, 0), (0, ±1), (1 : ± √ −1 : 0) which are not on a conic. This gives us an example satisfying K In the construction, our sextic curves will have at least six ordinary cups. Such a sextic curve is automatically irreducible, because the maximum number of cusps of a quintic, a quartic and a cubic is 5, 3 and 1, respectively. If an irreducible sextic has more than 6 cusps or tacnodes, then not all of them are on a conic, because, if not, the curve would have a common component with the conic by Bézout's theorem.
A normal canonical surface with p g = 4, q = 3 and d = 6 actually exist. It is well-known that irreducible sextic curves with 9 cusps can be obtained as dual curves of non-singular cubic curves. Furthermore, the 9 cusps on the sextic thus obtained are not on a conic. To be more explicit, let us consider the Fermat cubic Y The cusps of {f 6 = 0} are on the fundamental triangle X 0 X 1 X 2 = 0, and exactly three cusps are on each edge X i = 0. Hence, the 9 cusps are not on a conic and the minimal resolution of the cyclic 6-ple plane branched along the sextic serves an example of a normal canonical surface with K 2 = 15, p g = 4 and q = 3.
Remark 4.2. In [21] , Tokunaga showed that the image of the Albanese map of the cyclic 6-ple plane branched along the dual curve of a non-singular cubic is of dimension 2, applying Kulikov's theorem [17] . Unfortunately, he did not touch upon the numerical invariants nor the canonical maps.
Though a sextic curve with 8 ordinary cusps plus one extra node can be obtained as the dual curve of a quartic curve with 2 ordinary cusps, we prefer to give a direct construction of such a sextic curve with 8 ordinary cusps and no other singularities.
For this purpose, we consider a generic sextic curve which is invariant with respect to the plane involution I 4 of order 4 given by (x, y) → (−y, x) → (−x, −y) → (y, −x) → (x, y). In the real affine plane, the involution I 4 is a rotation by angle π/2.
(±1, ±1), (3, 0), (0, ±2), although its equation is more complicated than the previous one. f 6 
